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1 Introduction and summary 



It was noticed recently in [jl| that in situation when the initial geometry contains a two- 
torus, a regular background can be generated by using a combination of T-duality trans- 
formation on one angle variable followed a shift of the second isometry variable and finally 
performing the second T-duality along the first isometry variable. This chain of duality 
transformations that produces family of one-parameter deformation of initial background 
is known as TsT transformation. The work can be generalised to construct regular 
multi-parameter deformations of gravity background if they contain a higher dimensional 
torus and it is possible to perform many chains of TsT transformations p[. 

Remarkable fact considering TsT transformations is that they are very powerful for 
searching of new less supersymmetric examples of AdS / CFT correspondence. In particu- 
lar, it was used in to obtain a deformation of AdS^ x geometry that is conjectured 
to be dual to supersymmetric marginal deformation of = 4 SYM. This deformation is 
called l3 deformation. 

Some aspects of more general three-parameter deformed AdS^ x and the dual non- 
supersymmetric deformations of = 4 SYM have been studied in papers [|, |^, H, 0, ||, |], 

0, [ni, [g, 0, ig, n, 0, 0, 0, 0, ig, p 



, 24, m m, 27, 28, 29, pm P3 S P 



|3^ , p5| , |36|] . It is unclear, however, if the non-supersymmetric string background is stable. 
For example, it is known that the spectrum of string theory in the TsT-transformed 
fiat space contains tachyon [BH]. However it does not imply that string theory on the 
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deformed AdS^ x is unstable because the TsT-transformed flat space is singular at 
space infinity while the deformed AdS^ x is regular everywhere. As was shown in 
Q the TsT transformation has very nice property that it can be implemented on the 
string sigma model leading to the simple relations between string coordinates of the initial 
and TsT dual-transformed background. These relations allow to prove that the classical 
solutions of string theory equations of motion in a deformed background are in one-to 
one correspondence with those in the initial background with twisted boundary conditions 
imposed on the U{1) isometry fields that parametrise the torus. 

The analysis performed in was restricted to the bosonic part of type IIB Green- 
Schwarz superstring action on the deformed AdS^ x S^. This work was generalised to 
the full Green-Schwarz superstring action in the remarkable paper . The problem with 
superstring extension is how to define the TsT transformation for fermion variables since 



they are not neutral under T-duality transformations |^2|, The key idea that was 
presented in 0] and that solves this problem is to redefine the original fermions in such 
a way that they become neutral under the isometrics of the torus. 

The goal of this paper is to see that the same analysis can be performed in case of 



pure spinor string proposed by Berkovits |3^, |39|, ^ 0] • In a recent paper 



quantum consistency was argued by means of algebraic renormalization arguments. The 
one-loop conformal invariance of pure spinor string was also demonstrated in [EOl ^. Vertex 



operators for massless excitations have been proposed some time ago and checked to 



be classically ERST invariant [0]. Algebra of currents was also classically calculated in 
[p^ ] and the first attempt to calculate their operator product expansion was performed 



m 



All these results, especially proof of the quantum consistency of the pure spinor string 
in AdS^ X suggest that pure spinor string could be the correct way to study the string 
theory on the 7-deformed background. The goal of this paper is to demonstrate this fact. 
Let us outline its content. 

We will show that we can formulate the pure spinor string in the deformed background 
using the TsT transformations from the original AdS^ x background. As in the case 
of GS superstring we redefine both fermions and pure spinors variables in order that 
they become neutral under isometry transformations. Then we argue that the pure spinor 
string in 7-deformed AdS^ x background is equivalent to the pure spinor string in 
the original AdS^ x 5*^ background where the world-sheet fields obey twisted boundary 
conditions. We will also argue that the existence of these twisted boundary conditions is 
crucial for the proof of the quantum consistency of the pure spinor string in 7 deformed 
background. More precisely, the proof of the quantum consistency of pure spinor string in 
AdSr, X presented in [48| was based on the explicit gauge invariance of the pure spinor 



string in AdS^ x background. On the other hand the twisted boundary conditions for 



^For review of pure spinor formalism in superstring theory, see ^ ^ ^ [46| . 

^ Check of the one-loop conformal invariance of pure spinor string in general background was performed 

MM. 
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world-sheet fields are naturally related to the particular coset representative that however 
breaks the explicit gauge invariance of the theory. Then we will show that in order to 
restore this gauge invariance we have to restrict to the case when the world-sheet fields 
obey periodic boundary conditions. 

Let us be more explicit. We will see that the configuration of the pure spinor string in 
AdS^ X background is labelled in general by 3 conserved angular momenta (Ji, J2, J3). 
These angular momenta depend on the deformation parameters 7j through 

J^i = (-ijkljJk ■ (1-1) 

These combinations are the twists that appear in the relations between the angle variables 
of and the 7i-deformed sphere. We will argue that for z/j equal to integer the currents of 
the pure spinor string in the AdS^ x background obey the periodic boundary conditions 
and hence the gauge invariance of the theory can be restored. This result implies that the 
states of the pure spinor string in the 7 deformed background that obey the condition Vi 
is integer correspond to the string theory in AdS^ x 5*^ background that pose the gauge 



invariance of the coset and that, according to the arguments by N. Berkovits given 
has exact conformal invariance. This result confirms the analysis performed in |2^. We 
hope that the arguments given in this paper suggests that states with Vi equal to integer 
in 7j-deformed background have exact conformal field theory description. 

Let us outline the structure of the paper. In next section (|]) we review how the TsT 
transformation is defined in the context of the non-linear sigma model. In section (|^) we 
introduce the action for pure spinor string in AdS^ x background. Then we determine 



its form using the explicit parametrisation of the coset introduced in ||6T|. In section (^) 
we study the equations of motions for pure spinor string in the coset representation. We 
prove the conservation of the BRST currents. In section (|^) we perform the redefinition 
of the fermions and pure spinor variables following . 

Then in section we apply TsT transformation to the five sphere and we find the 
relation between the pure spinor string action in 7-deformed action and in the original 
AdS^ X action. Finally, in section we argue for an existence of the Lax connection 
for pure spinor string in the 7 deformed background again following the approach given 
in II. 



2 Review of the 7-deformed action 

We start with the sigma model action that describes the propagation of closed string on 
the background with several U{1) isometries 



rest] 



(2.1) 
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As usual we have introduced the effective strinsr tension ^ that is identified with the 't 
Hooft couphng in the AdS/CFT correspondence, h^p is worldsheet metric with Minkowski 
signature that in conformal gauge is /i^*^ = (—1, 1) and e'"^ = , e^^ = —e^'^ = e'^" = 1. 
Next we assume that the action is invariant under the U{1) isometry transformations 
that are geometrically realised as shifts of the angle variables (pi ,i = 1,2, . . . ,d. In 
other words the string background contains the d-dimensional torus T'^. The action 
( PTT| ) explicitly shows the dependence on 0* and their coupling to the background fields 
G^- , Bfj and U^^, V^^. These background fields are independent on 0* but can depend on 
other bosonic and fermionic string coordinates which are neutral under the U{1) isometry 
transformations. Finally /^^est denotes the part of the Lagrangian that depends on other 
fields of the theory. 



Jt = -^V^{h>^''dpCtPG% - 6^^5,0^-4 + h^'^Ul, - e'^^K.y (2.3) 



As previous discussion suggests the action is invariant under the constant shift 
of (jf 

0'*(r,a) = 0*(r,a) + eV (2.2) 
The corresponding Noether currents have the form 

27r 

and obeys the equation 

d,J^ = (2.4) 

as a consequence of the equations of motion. 

Now we are ready to study TsT duality of the angle variables. Let us consider two- 
torus that is generated by 0i and 02- The TsT transformation consists T-dualizing the 
variable 0i with the further shift 02 ^ 02 + 70i and dualizing 0i back. The TST 
transformation can be symbolically expressed as 

(01,02) "^"^ (01,02) . (2.5) 

In order to find the TsT transformation of the non-linear sigma model action we proceed 
following the classical works |7y, |71| . 

Let us start with the T-duality on a circle parametrised by 0i. As the next step we 
gauge the shift symmetry 0'^ = 0^ + so that is now function of r, a. If we require 
that the action is invariant under the non-constant transformation we have to introduce 
the appropriate gauge field in such a way that 

d,<p' ^ (9^01 + A,) = D,<p' . (2.6) 

At the same time we add to the action the term ip^e^^F^y in order to assure that the 
gauge field has trivial dynamics. Then we obtain the gauge invariant action 



47r J 

+ 2D^^\W''Ul,-t>'''V^^,) + 2d,ct>\h^''Ul,-t>''V^^,)+~^h>'^ 1 



resti 1 

(2.7) 
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where a,b = 2, . . . ,d. Now thanks to the gauge invariance we can fix the gauge 0^ = so 
that the action above takes the form 

- t^^d.rdA'Bl, - 2e^''A,d,(l)'B% + 

+ 2A,{h^''Ul, - e^^Vl,) + 2d,<f{W^\Jl, - e^'^V^) + ~^h^^F,^ + • 

(2.8) 

If we now integrate 0^ we obtain that F^^, = and hence = d^9. Inserting back to the 
action ( |2.(j| ) we obtain the original action after identification 6 = (p^. On the other 
hand if we integrate out we obtain 

2/i'^"A,G?i + 2/i^'^9,0"G?„ - 2e'^'^9,0"5°, + 2{h'"'U^^, - e^'^Ka) - 2a,[e"^0i] = 

(2.9) 

that implies 

K = ^i'd.rGl + K^e'^Pd.rBl - {Ul, - K,e''X,i) - h,.e'''d,4>) • (2.10) 

Since we have argued that A^ can be related to the original coordinate 0^ as A^ = d^cj)^ 
the relation (|2.10 ) implies following relation between 0^ and 0^ 



0*^ = 0V (2.11) 
Now plugging the result (|2.1CI| ) into the action above we obtain the action equivalent to 

3) 

+ 2d,<P\hP''U,,, - eP%,) + Crest] , 

(2.12) 



where now 



^ _ p — r'O _ ^a\^\h ^la-^lb p _ -"la 

•-^11 — ^0 ' "-^ ~ ah ^0 ' ~ ' 

R _ rO _ ^\a^\h ^\a^\h n _ '^la 5 _ ^la 

^ab ^ab x-yQ ' 1" ' """^ /^O 

•-^11 '-^11 '-^11 

1/° ~ r/° 

TT — P'^ V — 



^11 ^1 



11 

r'O ttO _ tjO t/O 
"-^l,a"^!y,l ^la^^J.,l 



TT = If 
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A*, a 

c 

'~'rest 



li,a 



'-rest 



r/0 7-rO _ yO yO jjO yO _ yO ttO 
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(2.13) 



Clearly the action ( p.l2|) has the same number of symmetries as the original one. 

The next step in the definition of the TsT transformation is the the shift of the 
variables d>°' that is defined as 



1 II 



^ Qj — 3^ . . . ^ d . 



(2.14) 



If we now insert ( 2.14| ) into the action ( 2.12 ) we get 



s 



+ 2d,<t^l{h^''m,-e^'^V:^+ Crest] , 



(2.15) 



where the forms of the background fields Gl^, B-j, U^^ and VJ^^ can be easily determined 
from the action ( p.l2| ) and the shift transformation ( |2.14| ). Finally we perform the last 
T-duality transformation along the direction labelled with 0^. After this transformation 
we get the action in the final form 



S 



477 



+ 2d^MW^U,,,-e^''V,,,) + C, 



rest] 1 



(2.16) 



where now 



Gi 



^0 rO ^0 _ rO ^0 I rO r^o 



G 



ab 



, 7 I ^0 /po ro r^Q ^0 1/^0 /ro ro \ \ or^ (n^ ro ro 

'D V^ll^ 2a-D26 ~ '^2a^2b + ^22[^la^lb ~ '^la^lb) + ^^^12 l*-^2a*-^16 ~ ^la^2b 



I ' I -°i2 o^ po ^0 rO r'O ^ 

^ '^[^23^13 ~ -Di3(-T23J 



(2.17) 



and 



B 



12 



-B. 



21 



D D 
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R — R — I ' fr'O /^O /^O /^O I rO ryO \ 



D D 



I _L(' rO T/0 I /-fO rrO r^O rrO 
D D 

+ ^^{^''KAGlaGl - GlG%) + e^XA-BlG% + BIG%)) , 
+ ^{e'XAGlG% - GlG%) + e^^Ul{-BlG% + BIG%)) , 
+ -^iGl^''^^^h'^^iV^-V^'- - Ulfl-) + G^^^^e^^e^^Ul^r^ , 

(2.18) 

where j = 1, 2 define the directions of a two-torus and the index a runs over 3, . . . , ci. 
The element D is given by 

D = l + 27G?2 + f + , 7 = v^7- (2.19) 

Repeating the arguments given below the first T-duality transformation we can find the 
relation between between (pp and in the form 

= ^10' - ie^,uh'"'d,<P'G-a + 75^0^5,2 - ^t^uh''''Up2 - lV^2 , 
5^01 = -9^0' + 7e/../^'^''<9,0*G',i - 75m0'^*i + 7eM./^''"f^pi + 7^m1 . ^, J = 1, • • • , 
5m0f = ,a = 3,...,ci. 

(2.20) 

In what follows we rename as in order to have contact with [^. Clearly the action 
( p.l6|) has the same number of symmetries as related to the the constant shifts of the 
variables 0. The conserved Noether currents have the form 

~Ji = -^v^(/i^"5,0^G,, - e^-'d^^^B,, + h'^'U,, - e^^K,) • (2.21) 

It is important to stress that following relations holds [0, H 

Jn4>) = J^{<P) ■ (2.22) 
Now using (|230|) , (|2^ ) together with (IjD and we obtain 
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(9i0^ - dicj)' = , i>2 . 

(2.23) 

Since we consider the closed string on the 7-deformed background the angle variables (ff 
have to have following periodicity conditions 

^\2ti) - 0^(0) = 27mi .riieZ . (2.24) 

Then integrating (|2.23|) we obtain the relation between the original variables 

0^(27r)-0i(O) = 27r(ni+7J2) , 
02(27r)-02(o) = 2Tx{n2-iJi) , 

(2.25) 

where 

J, = ^ r daJl{a) , (2.26) 
In Jo 

and where Jj are constant as follows from ( p. 41) . 



Now we can also look on this problem from another point of view using the fact that 
the momentum conjugate to 0* coincides with J^. Therefore we can rewrite the time 
component of (|2.23|) in the form 

Pi=Pi , d„4>' - d„(f)' = --fijp> , i, J = 1, . . . , d , (2.27) 



where 7jj = — 7jj with one nonzero component 712 = 7. It is clear that ( p.27|) up to twisted 



boundary conditions a TsT transformation is just a simple linear canonical transformation 
of the U{1) isometry variables. Then the twist is the origin of the nonequivalence of the 
original and transformed theories. It is also clear that the most general multi-parameter 
TsT transformed background obtained by applying TsT transformations successively, 
many times when each time we pick up a new torus and a new deformation parameter 
is completely parametrised by the relation ( |2.27| ) with arbitrary matrix 7jj. Therefore 
background that contains d dimensional torus admits d{d — l)/2 -parameter TsT trans- 
formation. In case of AdS^ the most general TsT transformation applies to the five sphere 
(In order to preserve an isometry of AdS^^) has three independent parameters. The 
twisted boundary conditions for the original angles (ff in the case of the most general 
deformation take the form 

0'(27r) - 0^(0) = 2'n{n' - u') , Ui = --fikJk • (2.28) 

The general three-parameter 7-deformed background is obtained by applying the TsT 
transformation three times. Following we express the corresponding procedure as 

(01, 02, 03) ^ (01, 02, 03) ^ (01, 02, ^s) (01, 02, 03) • (2.29) 
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Since under every step the corresponding Noether currents remain the same we can write 

01 - 01 = -73^2'' 01 - 01 = 01 - 01 = -12 Jl 

02 - 02 = Ts^r 02 - 02 = -llJl 02 " 02 = (2-30) 

03 - 03 = 03-0'3 = 7iJJ (j)'^ ^ (f)^ = ^ry^jr 

From these formula's we can find the relation between 0* and 0* in the form 

da(t>' - da(j)' = eijkljJl ) lik = -^ijklj ■ (2.31) 

Integrating this equation and using the fact that 0*(27r) — 0*(O) = 2?™* we obtain the 
twisted boundary conditions for the original angles 

0'(27r) - 0^(0) = 27r(n' - v') , = ei.kljJk ■ (2.32) 



3 Pure spinor action in AdS^ x and explicit coset representation 

The pure spinor action in AdS^ x was introduced in [|^, ^ and further studied in 
[p5| , In the covariant worldsheet description the pure spinor string action on AdS^ x 
takes the form 



A ("^/^ ^/i ''^v ^)] "f" S ghost , 



ghost 



271 



where we have introduced the notation 



iV,, 



w,. 



N„. 



{g^'d,gfT,_ , Jf^ = ig~%gfn , 



w -T 5"" 



, A — A"T(3, , 

- {^^, a} = -iv^%,] + ivf T[,,,,: 



(3.1) 



(3.2) 



We also work with the fiat worldsheet metric where h^i, = rj^i, = diag(— 1, 1) and where 
we have also defined 

p/^^ = (r^M^ - e"") , = {7]^"" + e^'') , e^'' = ^= , = -e^° = 1 . (3.3) 



-7] 



9 



In what follows we work in coordinates x° = r, = cr where cr G (0, 27r). 

An element M of the superalgebra su(2, 2|4) is given by a 8 x 8 matrix that can be 
written in terms of 4 x 4 blocks as 



M 



A X 
Y D 



(3.4) 



The superalgebra su(2, 2|4) is singled out by requiring that M has to have zero supertrace 
StrM = TtA — TtD = and to satisfy the following reality condition 



HM + M^H = . 



(3.5) 



The choice of the hermitian matrix H is not unique and we choose H to be of the diagonal 
form 



H 



(3.6) 



Then (pj) and imply 

D = -D^ , EA = -A^J: , Y = -X^S 



(3.7) 



where 



/ 1 

1 



V 






-1 





\ 





-1 / 



(3.8) 



The algebra su(2, 2|4) also contains the u(l) generator il where I is identity matrix of the 
corresponding dimension. The superalgebra psu(2, 2|4) is defined as the quotient algebra 
of su(2, 2|4) over this u(l) factor; it has no realisation in terms of 8 x 8 matrices. 

The essential feature of the superalgebra su(2, 2|4) is that it admits a Z4 automorphism 
Q such that the condition Q{H) = H determines the maximal subgroup to be 50(4, 1) x 
5*0(5) that leads to the definition of the coset for the sigma model. The Z4 automorphism 
Q takes an element of psu(2, 2|4) to another G Q{G) such that 



n{G) 



KA^K -KY^K 
KX^K KB^K 



K 



/ 1 \ 

-10 

1 

V -1 y 



(3.9) 



Since fi^ = 1 the eigenvalues of VL are ,p = 0, 1, 2, 3. Therefore we can decompose the 
superalgebra G as 

G = no®ni®n2®n3 , (3.10) 

where Tip denotes the eigenspace of fl such that if if G Hp then 



(3.11) 
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Explicitly, any matrix M of su(2, 2|4) can be decomposed into the sum 

M = M(°) + M(^) + M(2) + M(^) , (3.12) 

where 

M<») = i(M + n(M) + n=(M) + n'(M)) = + ^^^.^r,,). 

AfP) = i(Af-SJ(M) + tf(Af)-SJ=(Af)) = i(''-*'''^'^' ^ _ ^°^r^. ) . 
M") = i(Af-.SJ(M)-tf(Af)+,rf(Af)) = i(y_^°^„^, ^ + 

M<3) = i(A/ + ffi(A„_n=(M)-itf(A/)) = i(j,^^;^.^,^^ A--,mj _ 

(3.13) 

and where Vt^M^^'^) = i^M'^^K We see that M^^^ form so(4, 1) x so(5) subalgebra which 
we wish to mod out in the coset. We also see that the matrices M'^^'^^ contain the odd 
matrices. Splitting M into Grassman even and odd parts 















, Modd = 1 ° 






M = M,,en + Modd , Me,en=(^Q , Modd = { ^ ) , (3-14) 

we can rewrite the expressions for M^^^ in the following form 



(3.15) 



where Ks and are defined as 



The next step is to explicit choose the coset representative g. Following we take the 
coset parametrisation in the form 

g = g{e)g{z) . (3.17) 

Here g{6) = exp{6), where 6 is an element of psu(2, 2|4) that contains 32 fermionic degrees 
of freedom. The element g{z) belongs to S'?7(2,2) x SU{A) and takes following form 
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where 

Qaix) = exp -{Xala) , 9s{y) = exp ^{Va^a) , (3.19) 

where z = {xa, Ua) and Xa parametrise the AdS^ space while Ua stand for the five-sphere. 
The matrices r^, 7^ , a = 1, . . . , 5 are Dirac matrices for 5*0(5) and 5'0(4, 1) respectively. 
These matrices obey the relations 

KTlK = -T,, K^JK = -^,. (3.20) 

Using this property of the Dirac matrices it can be easily shown that they span the 
orthogonal complements to the Lie algebras so(5) and so(4, 1) respectively ^. Now with 
the choice of the coset representative given in (|3.17|) the current takes the form 

J = g-'dg = g-\z)g~\9)dg{9)g{z) + g-\z)dg{z) . (3.21) 

Since 

g{6) = cosh 9 + sinh 9 , g^^{9) = cosh 9 — sinh 9 

(3.22) 



we get 

g-\9)dg{9) = {cosh9 - smh9){dcosh9 + dsmh9) = F + B , (3.23) 

where 



B = cosh 9d cosh 9 — sinh 9d sinh 9 
F = cosh 9d sinh 9 — sinh 9d cosh 9 



(3.24) 



are even (contain even number of 6''s) and odd (contain odd number of ^'s) element 
respectively. With the help (|3.21|) and ( p.23|) we find that the even component of J takes 
the form 

Jeven = g~\z)Bg{z) + g-\z)dg{z) (3.25) 



while the odd element is equal to 



Jodd = 9 \z)Fg{z) . 



(3.26) 



As the next step we find components of the current J'-*-' that belongs to appropriate 
subspaces Ti'-*-'. To do this we use the relation ( |3.15| ). To present further result we define 



G = g{z)Ksg\z) 



9a 

gs 



G = g{z)k^g\z) 



9a 

-9s 



(3.27) 



^For very nice discussion, see 
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As was argued in [Q] the 4x4 matrices ga G SU{2, 2) and Qs G SU{4) provide another 
parametrisation of the five-sphere and the AdS space. On coordinates z the global sym- 
metry algebra is realised non-linearly. In opposite, Qa and Qs carry a linear representation 
of the superconformal algebra. 

Now using ( p.l5| ) and ( |3.27| ) we obtain 



2/°) = Jeven + K^JlenKf, = 2g-'dg + g'^B - GB^'G-' - dGG-')g 

(3.28) 



using the fact that Kg ^ = —Kg ,Kg ^ = —Kg ^. In (|3.28|) g means g{z) and in the 



following we use this notation. In the same way we obtain 

2/') = Jeven ' i^8^J.en^8 = g'^B + GB^G~' + dGG-')g (3.29) 

and 

2/^) = Jocid + tKsJlddKs = 9'\F-tGF^G~')g , 
2J(') = Jodci-^KsJLK8 = 9-\F + ^GF^G-')g . 

(3.30) 



With the help of ( p. 281) , (|3.29|) and (|3.30|) we can write the pure spinor Lagrangian density 
in the form 

£ = -^StT[lr]>'''{B^ + GBj;G-' + d^GG-')iB, + GB^G-' + d,GG-') + 

+ r'iF, - iGF^G-^){F, + iGF^G-^) + —{F, - iGF^G-'){F, + iGF'^G-')] 



t 

"2 



+ ^N,V>'''{2g-'d,g + g-\B, - GB^G'' - d,GG-^)g) + 
+ ]^N^V^^{2g~^d,g + g-\B, - GB^G'' - d,GG-')g)) . 



(3.31) 



By using the cyclic property of the supertrace the action can be further simphfied using 
the fact that 

StrGFjG-^GFjG-^ = StrFj J _0 J FJ J _° J = StrF.F. , 

(3.32) 

where we have used 

G-'G=(l _M (3.33) 
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and also the fact that that F is off-diagonal matrix. Then we can simplify the action 
( p3T|) as 

C = -^StT[^r]>^''{B^ + GBj;G~' + d^GG-')iB, + GB^G~' + d,GG-') + 

oTT ^ 

+ 2r''{F^F, - iGF^G-^F,) + e^'^(F^F, - iGF^G-^F,)] - 

.fx 

+ ]^N^V^^{2g-^d,g + g~\B, - GB^G'^ - d,GG-^)g) + 
+ ]^N,V^''{2g-^d,g + g-\B, - GB^G'' - d,GG-')g)] . 

(3.34) 

We see that the pure spinor parts of the action is rather complicated. In fact, the presence 
of the matrix g makes the analysis difficult since the symmetries do not act on it linearly. 
To resolve this problem we begin with the observation that 

Str (iV^P'^Vf ) = -Str({«7^,A}P'^VW) = 
= -P'^^Str(w7^(Aj(°) - 4°) A)) = Str^i;^^'^^ [4°), A] , 

(3.35) 

where we have used the fact that the off-diagonal blocks of the matrices w, A contain 
Grassman even elements. In the same we can proceed with and then we can rewrite 
the pure spinor Lagrangian into the form 

ZTT 

(3.36) 

where 

V^,X = d^X+[jf\X] . (3.37) 

The form of the current J*^'^-* given in ( 3.28| ) suggests the following field redefinition of the 
ghost variables 

A = g'^Xg , A = g'^Xg , 
= g'^w^g , = g'^Wf^g ■ 

(3.38) 

First of all we have to check that the new pure spinors matrices A , A still belong to 
M^^^ , M^^-* respectively. To do this we use the fact that A has schematically following 
form 
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and hence 



A = g\g-' 



ra'X,,~g. 



9s ^\9a 







(3.40) 



where we have used the exphcit form of the coset element given in ( p.l8| ). Then using the 
definition of VL given in ( p.9| ) we get 



-K{g-'Y^~gaYK 
K{~g-'X,g,fK 



ga 
gs 





KX^K 



-KY^K 




9a' 



~9. 



^-1 

s 



gn{\)g~' 



Since Q{X) = iX the equation above imphes 

n{X) = tgXg-' 



iX 



(3.41) 



(3.42) 



and hence A belongs to M^^^ as well. In the same way we can show that A belongs to 
M^^) and hence the field redefinition ( 3.4CI| ) is well defined. 

It is easy to see that if the original pure spinors A, A obey the pure spinor conditions 
then A, A obey these conditions as well. More precisely, note that the pure spinor condition 
for A can be written as 



{A, A} = A"A^ {r„, = A"A'^/^^T, ~ X'^^%X% = . 
Then if we insert (|3.38|) into ( p.43|) we easily get 

{g~'Xg, g-%} = g'' {x,x}g = 0^ { A, A} = 



(3.43) 



(3.44) 



so that A obey the pure spinor constraint as well. It is clear that the same analysis can 
be performed for A as well and we obtain that A obey the pure spinor conditions. Now 
with the help of ( p.38| ) we obtain 

w^V^-'V^X = g-'w,V^^{dJX + ]^ [{B - GB^G-' - dGG-'),X] )g 
w^V^'VA = g~'w;P^''{dA+^ [{B - GB^G-^ - dGG-^),X])g 



N„ 



9~'N^g , 
9~'Ku9 ■ 



(3.45) 



To simplify further analysis we introduce following notation 

J(°) = g-^dg + ^[g-\B-GB^G-'-dGG-')g]=g-'dg + g''3^'^g 
J^'^ = \[g-\B + GB^G-' + dGG-')g]=g-'i^'\^ 
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(3.46) 



The we can write the pure spinor action in the same form as in 



ghost ^ 



Sghost 



" 27T 



2 2 



(3.47) 



However there is one crucial difference between the action (p.47|) and (|3.1| ). Due to the 
exphcit form of the coset representative (p.l7|) it is clear that the currents J^*^ do not 
transform under the gauge transformations as the original one J^^\ More precisely, the 
original action (|3.1| ) was invariant under the gauge transformations 



h-^Jh + h-^dh , \' = h'^Xh, \' = h-^Xh 



w'^ = h ^w^h 



w'^ = h ^w^h 



(3.48) 



where h belongs to 5*0(4, 1) x 50(5). Clearly the redefined currents J and ghost variables 
do not transform in the same way as (|3.48|) . This follows from the fact that the choice 
of given coset representative effectively fixes given gauge symmetry. For that reason the 



9s 



(3.49) 



action (p.47|) does not possess the gauge symmetry of the original action. 

We conclude this section with the brief discussion of the properties of the matrix G. 
With the certain choice of the matrix K the matrix gs parameterising can be written 
as follows 

/ u, 
-Us 

~Ui —U*2 
-U2 Ul 

This is unitary matrix g\gs = 1 on the condition that the three complex coordinates 
obey the constraint + |M2p + [wsp = 1. A similar parameterisation of the AdS^ space 
is given by 

/ f3 f 1 f2 \ 

-vs -vl vl 



V 





-u% 



U2 \ 

; 



-Vl 







(3.50) 



V -V2 -vl -vl / 
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where now Qa G SU(2, 2) so that it obeys g\Ega = E where E 
provided the complex numbers fj satisfy the constraint |fip + |f2p 



diag(l, 1, -1, 
2 = -1. 



-1) 



1^3 



4 Equation of motions and BRST invar iance 

Our goal is to express the equations of motion that follow from the action (|3.1| ) in terms 
of redefined ghost fields ( p.38| ) and of the currents J*^*^ defined in ( |3.46| ). We firstly write 
the equations of motion that arise from (|3.1j). These equations of motion were determined 



previously in and their covariant formulation was also given in |E5| 



(4.1) 



where 



(4.2) 



Now we rewrite these equations of motion using the form of the currents given in (|3.46| ) 
and we obtain 



V^A 



)9 = 9 



g-^V^Xg , V^A = g-'V^Xg . 



g 



1,2,3 



Then it is easy to see that the equations of motion given above take the form 

V^''VuX + V'"'[X,N,] = , 
V'^'VA + V^'^lkN^] = . 



(4.3) 

(4.4) 

(4.5) 
(4.6) 
(4.7) 
(4.8) 
(4.9) 
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The fact that in the new variables the equations of motion have the same form as the 
equations given in ( |4.1| ) has an important consequence for the conservation of the BRST 
currents. These currents are defined as [H? 



= Str(Aj(i)p^'^) , = Str(Ajf )P 



and they are conserved 



. 



With the help of ( |3.38| ) and ( ^.46^ we can rewrite ( [4.10| ) into the form 



(4.10) 



(4.11) 



(4.12) 



Now we will show that these currents are conserved as well. To do this we will calculate 
d^ji using the equations of motion ( ^.4| ) and ( [4.8| ) 



a^jt = Str(P^'^9^Aj(3)) + Str(AP'^'^a^j(3)) 

= Str((-P'^^[A, iVj - P'^^lJ^f), A])J(3)) + 

+ Str(A(-P^'''[jf , J(=^)] - [J'~^\N,]V^'' - [j'~^\N^]Vn 



-Str(J 



(3) 
u 



(4.13) 



that vanishes thanks to the pure spinor constraint. In the same way we can prove the 
conservation of j^. The existence of two conserved BRST currents ( 4.12| ) imply that we 
can define two BRST charges 



Ql = TT ^^Jl ' Qr = TT 

ZTT JO 2,71 Jo 



(4.14) 



Let us now calculate their time derivative 
dr 



dr 



dad^jl = --ijli2n)-jl{0)) 
Ztt Jo ztt 



(4.15) 



where we have used ( [4.11|) . For ordinary closed string we demand that the world-sheet 
fields are periodic 

jl^{T,a + 27c)=jl^{T,a) . (4.16) 



Then ( [4.15|) implies that QliQr are time-independent. Even if these results are well 
known we reviewed here since as we will see in the next section the world-volume modes 
do not have to be periodic and hence the existence of the conserved BRST charges is not 
generally obvious. 
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5 Fermions and pure spinors twisting 



The original fermions and pure spinors transform under isometries of the five sphere. 
To apply the approach presented in section we need to redefine the fermions and 
pure spinor in such a way that they become neutral under the isometries. The twisted 
boundary conditions for the original angles of ArfS's x will induce twisted boundary 
conditions for the original charged fermions and pure spinors of AdS^ x S^. 



To proceed we will closely follow since it turns out that the approach presented 
here can be easily extended to the pure spinor string as well. We begin with the study 
of the invariance of the Lagrangian under the abelian subalgebra of the superconformal 
group. The bosonic symmetry algebra 5*0(4, 2) x 50(6) has six Cartan generators: three 
for 50(4,2) and three for 50(6). If we introduce the polar representation 



Ui 



icj)i 



Pie 



iipi 



(5.1) 



where Vi, pi are real, then the six commuting isometries are realised as constant shift of 
the angle variables 

(P[ = (l)i + ei , ^[ = ^i + ii . (5.2) 
It is remarkable that matrices Qs and Qa enjoy the following factorisation property p|, ^ 



9s{r, (p) 



Mms{r)M{cP) . 



(5.3) 



where 



9s[r) 








ri 


r2 


-rs 





r2 


-ri 


-ri 







-rs 


-r2 


ri 


^^3 






9a[r) 



/ 





P3 Pl 


P2 


\ 




-P3 


P2 


-pl 






-Pl 


-P2 


P3 




V 


-p2 


pl -P3 





/ 



(5.4) 



and where M(0) = ez* with $ = diag($i, . . . , $4) where $j are equal to 



$1 
$2 

$3 
<1'4 



01 + 02 + 03 , 
-01 -02 + 03 
01 - 02 - 03 , 

-01 + 02-03 



Note that in this case the matrix G, G can be written as 

'9a 



G = MGM , G 



gs 



(5.5) 



(5.6) 
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G = MGM , G={ ° I , (5.7) 
V -9s ) 

where 

If we insert (|5.6|) and ( ^.7|) to the action ( p.47|) we obtain that the action exphcitly depends 
on $. This fact precludes to perform the analysis given in section (^. In order to obtain 
the sigma model when the fermions and pure spinors are spectators we have to perform 
their redefinition. 

In order to find the fermionic and pure spinor redefinition note that fermions and pure 
spinor matrices can be written as 

where in the case of A, A the off-diagonal matrices Xx.,Y\,Xy^^Yj^ are bosonic. We must 
however stress that A, A are not odd matrices of su(2, 2|4) superalgebra. This follows from 
the fact that they are defined as A = A^Tq, where crucially A° is complex number while 
for an element from su(2, 2|4) this parameter should be real. In fact it can be easily seen 
that if A° were real the solution of the pure spinor constraint would be trivial. 
In case of fermions we perform following rescaling 

Xe = M{tlj)XM{(f))-^ , Yg = M{(j))XM{tlj)-^ . (5.10) 

Then it follows that 

gie) = Mg{e)M-' , (5.11) 

where we have defined 

and where the fermions 6 are uncharged under all f/(l)s. Using this redefinition the 
currents ( |3.46| ) take the form 

= ^M{B - GB^G-^ - dGG-^ - - ^-Gd<^G-^)M-^ = MJ^^^M"^ , 

J(2) = ^M{B + GB^G-^ + + ^Gd<!>G-^)M-^ = MJ^'^^M-^ , 



j(3) = M[F + iGF^G"^]M'^ = MJ'^^^M-^ 

and consequently the matter part of the pure spinor action takes the form 

S = -^J drdav/^Str[ir^- + J« + J^) + 



(5.13) 
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+ ^ nwT(3) - 7(3)7(1; 



(5.14) 



It is important that the action ( |5.14]) depends on $ through the expression of (i$ only 



and hence it is invariant under the shift $' = $ + e. In other words matter part of the 
pure spinor string in the AdS^ x background takes the form of the sigma model action 
studied in the section (^ and consequently the TsT transformation can be performed. 

In the similar way as in case of fermions we propose the following redefinition of the 
ghost variables 

\ = M\M-\ X = MXM-^ (5.15) 

and 

Wf, = Mw^M-^ , i)^ = Mw^M-^ , (5.16) 



where X, X,Wfj_,w^ are not charged under f/(l)'s isometrics. Note that ( |5.15| ) and ( |5.1(j| ) 



imply that A^"^, A^^ are neutral under U (l)'s isometrics as well. Further, if we insert ( |5.15| ) 
into the pure spinor constraint we obtain 

[mXM'\ MXM~^} = M {a, a} M-^ = (5.17) 

and hence A obeys the pure spinor constraints. It is also clear that this analysis holds for 
A as well. Finally we determine the form of V^A 



V^A = d,X+[jf,X 

= M{d^X + ^[9^$, A] + [J(°), X])M-' = MV.XM-^ 



(5.18) 



usmg 



dX = M{dX + -d^X - -Xd^ \ . 



(5.19) 

Clearly the same equation holds for A, w^. In summary we obtain following form of the 
pure spinor Lagrangian from ( pj.47[ ) 



Cpure = -^StrftS^P^'^V.A + <vJ>^'^V,l - N;P^'''~N,] . 



(5.20) 



We see that ( |5.20|) depends on $ through d^ only and hence the analysis performed in 
section (0) can be applied for pure spinor action as well. 

It will be useful to express the equations of motion for J and ghosts X, X,w,ui that 
were given in ([4.4[),(^3|), ([4.6D,(|i?7|), ( [4.8| ) and ( [4. 9] ) in terms of the variables defined in 
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( |5.13|) , (|5.15|) and ( 5.16| ). As the first step we express the covariant derivative VJ^*-* using 
the redefined currents ( p.l3| ) 



(5.21) 



where we have introduced the derivative V that by definition depends on J*^") and on the 
derivative of $. Then with the help of (|5.13|) , (|5.15| ),( pTT6 ) and ( 5.21 ) we can determine 
from (|4^),(^, (|4^),(^, (|4^ ) and (|49| ) the equations of motion for J, A, A, and 
in the form 

pM.^^j(2) _ eM-[ja), j(i)] + iv^]pM- + i^^iP^'^ = , 

V^''Vu~X + V^''[~X,N,] = , 
V^"'V^X + V^"'[X,N^] =0 . 

(5.22) 



Finally we will discuss the conservation of the BRST currents given in ( [4.12| ). With the 
help of ( [5. 131 ) and ( |5.15| ) it is easy to see that they are equal to 



= Str(AJ«P^'^) , 3t = Str(Aj(3)p^'^) (5.23) 

and that they are again conserved as a consequence of the equations of motion ( |5.22|) . 
Consequently the time derivative of the BRST charges is equal to 



dT 



dr 



271 



(5.24) 



6 TsT transformation on the five sphere 



Even if the general analysis performed above is valid for the TsT transformation in the 
AdS:^ space as well we restrict to the TsT transformation applied to the five-sphere, 



following . This restriction implies that we do need to impose that fermions and pure 
spinors are neutral under isometries of AdS^. Then we can take M{iIj) = 1 and hence we 
obtain that the matrix M takes the form 



M 



1 

M{(f)) 



(6.1) 



In order to determine the twisted boundary conditions for fermions and pure spinors 
we have to take into account that the redefined fermions and the pure spinors do not trans- 
form under the TsT transformations. Therefore the original charged fermions in AdS^ x 
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and pure spinors satisfy the twisted boundary conditions. We find these boundary con- 
ditions using the relation between 9 and 9 and the twisted boundary condition for angle 
(pi that has impact on the matrix M since 



Vi 



^ijk'fj J k 



(6.2) 



or equivalent ly 



<l>i(27r) = $i(0) + 27r(ni + na + rig - z/i - z/a - z/s) = <^'i(0) - 27rAi , 
<l>2(27r) = $2(0) + 27r(-ni - ^2 + rig + z/i + z/g - U3) = $2(0) - 27rA2 ^ 

<l>3(27r) = $3(0) + 2n{ni - n2 - - Ui + U2 + 1^3) = ^3(0) - . 
$4(27r) = $4(0) + 27r(-ni + n2 - + Ui - 1^2 + ^3) = "^"4(0) - 27rA4 



(6.3) 



Using ( |6.3|) we easily obtain 



M(<l>(27r)) 



-iTrAi 







V 





- j7rA2 






V 





tAs g 



- j7rA4 







e^*2(o) 
e^*^(°) 



\ 




V 











,i*4(0) 



or in compact notation 



M($(27r)) = e-^''^M(<l>(0)) , 
where A = diag(Ai, A2, A3, A4). Then we have 

g{9){27r) = M{27r)g{9){27r)M-\27i) 

^ M{m)9{m)M-\m) 



(6.4) 

(6.5) 



1 








g — ittA 


1 








g — jTrA 





(6.6) 

using the fact that 9 do not transform under TsT duality and hence they are the same 
in TsT dual background with standard periodicity 9{27i) = 9{0). 

Now we would like to explain carefully our calculations. We have derived the pure 
spinor action in the AdS^ x given in ( p.l4| ) and ( |5.20| ) that by construction is manifestly 
invariant under the isometry of the background parametrised by $. Now let us suppose 
that we have pure spinor action that describes closed string in the 7-deformed background. 
Since the 7-deformed background can be derived from the original AdS^ x by sequence 
of the TsT transformations the analysis performed in section (^ suggests that this action 
has the same functional form as the action given in (|5.14|) and ( ^.20|) . Let us denote the 

corresponding Lagrangian as £(J°, A, A) where superscripts on J mean that these currents 
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explicitly depend on the 7-deformed background. According to the arguments given in 
the section this Lagrangian can be mapped by sequence of TsT transformations to the 
Lagrangian £(J, A, A) where now the angle variables obey twisted boundary conditions 
according to (|6.5| ). On the other hand the fermionic 6 and ghost variables A, A, w, w have 
periodic boundary conditions since they are neutral under isometrics. Then the 

form of the currents J given in ( 5.13| ) imply that they are periodic since they depend on 



r, p and 6 and as we argued above these modes are periodic. It is also easy to see that 
(i$(27r) = (i$(0). Exphcitly, we have 

J(*)(27r) = J»(0) , 2 = 0,1,2,3 , 
A(27r) = A(0) , A(27r) = A(0) , 
w^(27r) = w^{0) , W/,(27r) = ^^,(0) . 

(6.7) 

These boundary conditions immediately show that the conserved BRST currents given in 
( |5.23|) imply the existence of the time-independent BRST charges as follows from (|5.24|) . 



On the other hand we can take one step further and study the pure spinor action ex- 
pressed with the variables J, A, A. These variables now obey twisted boundary conditions 
as follows from (|5.13| ),( pT5D and (|5.16|) 




We again see that these boundary conditions immediately show that the conserved BRST 
currents ( [4.12|) are periodic and hence they are two time-independent BRST charges as 
follows from ( [4.15| ). In other words we have shown that classically the pure spinor string 
is well defined even in the case when the world-volume fields obey the twisted boundary 
conditions. On one hand the power of pure spinor formalism is that it allows to prove 
exact conformal invariance of the pure spinor string in AdS^ x background and 
arguments given there crucially depend on the gauge invariance of the pure spinor string 
with respect to subgroup 5*0(4, 1) x 5*0(5). On the other hand the form of the action 
( p.47|) exphcitly depends on the coset representative that corresponds to the fixing of the 
gauge 5*0(4, 1) x 50(5). Consequently the action ( |3.47| ) is not suitable for the analysis of 
the general properties of the pure spinor sigma model with twisted boundary conditions. 

To find such a formulation we would like to express the theory where the fundamental 
fields obey the twisted boundary conditions in terms of the original currents J and ghost 
variables that appear in the action ( |3.1| ) and that obey some form of the twisted boundary 
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conditions: 



J{2n) = N{A)J{0)N-\A) , 

A(27r) = N{A)X{0)N-\A) , X{27t) = N{A)X{0)N-\A) , 
w^{27r) = N{A)w^{0)N-\A) , w^{2rr) = N{A)w^{0)N-\A) , 

(6.9) 

for some matrix that depends on A only. If we were able to find such a formulation then 
we would get the original action (|3.1|) with the explicit gauge invariance but where now 



the world- volume fields obey the twisted boundary conditions (|6.9|). Since the algebraic 



renormalisation arguments given (see also |Q are sensitive to the UV properties 
of the theory we could then argue that ( |3.1| ) with fields obeying the twisted boundary 
conditions ( |6.9|) defines exact quantum field theory. It turns out however that it is not 
possible to find such a form of the boundary conditions. 

To be more precise we try to find the boundary conditions of the original currents 
,i = 1,2,3 and ghosts A, A using the relations ( |3.38| ) and ( p.46| ). These relations 
imply that J, A, A explicitly depend on g that has the form 

where ga{2n) = g{0) as follows from the fact that ga parametrises AdS^. More difficult 
problem is to find the boundary condition for gg. Recall that this group element has the 
form 

9s = exp Qz/aFa) , (6.11) 

where ya parametrise the five-sphere and F^, a = 1, ... ,5 are the Dirac matrices for 5*0(5). 
The variables ya are related to p, given in (|5.4| ) as 



1 


y 




2 sin 


y\ 



1 


y 




2 sin 


y\ 



1 


y 




2 sin 


y\ 



^1 fU3 + Mg^ 



1 


y 




2 sin 


y\ 



1 


y 




2 sin 


y\ 



2/5 = o • I 1 1^3 - %j , \y\ = -sm 



br = yl + yi + yl + vl + yl ■ 



(6.12) 



Then using the fact that gs obeys following boundary conditions 

(7,(27r)=e-^'^V(0)e-^-^ (6.13) 
we easily find the twisted boundary conditions for ut 

ui(27r) = e"''^(^i+^^)ui(0) , 
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(6.14) 

Using the boundary conditions for Ui given above we can easily determine the boundary 
condition for \y\ given in ( |6.12| ) 



|y|(27r) = sin 



2 sin |?/| (0) cos(7r(Ai + Ag) + 2i sin(7r(Ai + A2 



(6.15) 



\ym. 

This result clearly demonstrates that it is not possible to find the appropriate N matrix 
introduced in (|6.9|) for general values of A. This is a consequence of the fact that the 
global symmetries of the coset are realised non-linearly on coordinates y. 

Since we have shown that is not possible find the matrix for general A it turns 
out that the arguments in [^] that were based on the existence of local gauge symmetry 
cannot be applied to the currents that obey twisted boundary conditions. However, 
looking at the above equations we see that for z/j G Z, where Ui is defined as 

Vi = eijk'^jJk (6.16) 

the world-sheet fields in the original AdS^ x 5*^ background obey the periodic boundary 
conditions as well. In fact this requirement is in agreement with the analysis performed 
in pH] where the importance of the solution with integer i/j was stressed. We are not 



going to perform the same analysis since we have not studied the classical solutions of the 
pure spinor string in the original AdS^^ x background however we would like to stress 
some interesting points considering the condition that z/j is an integer. For i/j 7^ we 
have consistent string dynamics if 7^ are rational since J, take integer values in quantum 
theory. Secondly, the condition i^, = has the general solution 

1/ • = : Ji = cji . (6.17) 

Since again Jj have to be integer in quantum theory these solutions exist for special values 
of 7i. 

Returning back to ( |6.12| ) we see that the matrix Qs is periodic. Then using also 
the fact that J'-*-' are periodic as well we obtain that the currents J given in (|3.1|) obey 
the standard boundary conditions. In other words we can formulate the dynamics of 
the theory in terms of the original currents J and the action ( |3.1| ) is manifestly gauge 
invariant. According to the analysis given in the pure spinor string action in AdSr, x 
possesses quantum BRST invariance and also exact conformal invariance. Then using the 
TsT transformations we can map the configurations of the pure spinor string in AdS^ x 
to the states in the 7j-deformed background that obey the condition z/j is an integer and 
we can expect that these states are exact states even in the quantum theory of the pure 
spinor string in the 7-deformed background. 

Since we found that the proof of the conformal invariance of |^ strictly depends on the 
manifest isometries of the background, in other - more realistic - situations (for instance, 
N=l supersymmetries backgrounds) another way of proving the conformal invariance has 
to be developed. 
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7 Lax Pair for twisted pure spinor string 



Our goal is to find, using the relations ( p. 231 ) the Lax pair for string in TsT transformed 
background if an isometry invariant Lax pair for pure spinor string in fiat background is 
known. An existence of Lax pair in deformed theory strongly supports classical integra- 
bility of the theory fH, |5|, ||, H, P, H, H, H . 



It was 



We begin with the recalling the structure of Lax pair for pure spinor string in AdS^ x 
S^. In the covariant pure spinor formalism the problem has been studied in 
shown here that there exists set of left-invariant currents J{u) ^ 

J^{u) = Jf, + {r]f,^{coshu - 1) + e^^ sinhw) J''^^^ + 

+ [t]^^ (cosh ue"/2 - 1) + e^^ sinh ue"/^) J''^^^ + 

+ (??/,^(cosh ue'"/^ - 1) + e^^ sinh ue'^/^) jKs) ^ 

+ sinhwe^P^^AT'' 



sinhwe-^P^^AT'^ 



that satisfy the flatness condition 



dJ + J AJ = 



(7.1) 



(7.2) 



that is a consequence of the equations of motion for J and ghost fields and also of the 
flatness of J. Note also that J obeys the the 'initial' condition J(0) = J. 

The Lax connection given above cannot be used to derive the Lax connection in 
deformed background since J^*-* given there explicitly depend on and consequently 
is not isometry invariant. Moreover, if we express 

J{0) 

using ( p.28|) it turns out that it 
explicitly depends on g{z) and it is not clear how to related the original Lax connection 
in the AdS^ x background to the Lax connection in TsT transformed one. To resolve 
this problem we will proceed in the similar way as in 0, |^, 0, |6^ . Let us write the fiat 
current J as 

J = g-\z)dg{z)+g-\z)J'giz) . (7.3) 
Then the flatness of J imphes 



dJ+JAJ = g-\dJ' + J'AJ')g = 



(7.4) 



and hence dJ' + J' A J' = 0. Now ( [TlD implies 



g{z)J^g \z) - d^g{z)g ^{z) 



Jm + [(?7/,p(coshM - 1) 



sinhM)r/^"j(,2) ^ 



■^Our spectral parameter u is related to the spectral parameter /i of by /i = e". Note also that 
we have chosen one particular solution from the ones found in |58| in order to obey the initial condition 
J^l.{^) = Jfj.- It is remarkable that the classical theory admits the same two one-parameter families of flat 
currents if one sets the contribution of the pure spinor ghost N to zero. 
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+ (r^^p (cosh Me"/2 - 1) + e^p sinh we^/^^^pa j(i) + 
+ (r/^p(cosh we""/' - 1) + e^^p sinh Me""/')//"'^ J^'^ + 
+ sinh u^'V^.yW - sinh Me""P^^iV''] , 

(7.5) 

where we have also used ( |3.38| ) and ( p.46| ). The Lax connection J' ( |7. 5| ) still has explicit 
dependence on 0* but this can be easily eliminated using the factorisation property of G 
and redefinition of the fermions and pure spinors. Explicitly, using the relations (|5.13|) , 
( |5.15|) and ( ^.16| )) we can write ( [7. 5]) as 



j; = MJpM-i + M[(r/pp(coshM - 1) + t^p sinhM)r/'"^j(,2) ^ 
+ (r7pp(cosh ue"/' - 1) + e^p sinh ue"/')?]'"^ J^^^ + 
+ (r7pp(cosh ue-"/2 - 1) + e^p sinh Me-"/^)//''" J^^^) + 

+ sinhwe^Pp^iV'^ - sinhMe-"Pp^iv'']M-i = M(Jp - ^9p$)M-i . 

(7.6) 

Then the flatness condition for J' implies 

dJ' + J'AJ' = M{d3 + J A J)M-^ = 

(7.7) 

and consequently we obtain the flatness condition for J 

dJ + J A J = . (7.8) 

We see, following the arguments given in section (^ that the Lax connection J depends on 
the derivatives of $ only. Then following the arguments given in 0] we can determine the 
Lax connection for pure spinor strings in the 7-deformed AdS^ x when we express (9p0j 
in terms of d^cpi with the help of the relations ( |2.23| ) and also using the fact that J depends 
on variables that are neutral under U{1) only. By construction the Lax connection J is flat, 
it is invariant under U{1) isometrics and it also obeys the periodic boundary conditions. 
It can be used to compute the monodromy matrix T{u) that is defined as the path-ordered 
exponential of the spatial component of 

Tiu) = Pexp [^^ daJJu) . (7.9) 
Jo 

On the other hand we have argued that in order to study the quantum properties of the 
string theory in TsT-deformed background it is necessary that the world-sheet modes in 
the original AdS^ x background obey the periodic boundary conditions. This results 
also implies that J' and J are periodic as well and their analysis can be performed as in 
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